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LEITER TO THE EDITOR 

Application of reciprocal Backlund transformations to a 
class of nonlinear boundary value problems 

C Rogers 
Department of Applied Mathematic?., University of Waterloo, Waterloo, Canada 

Received 8 June 1983 

Abstract. It is shown that reciprocal Backlund transformations may be used to reduce an 
important class of nonlinear boundary value problems for higher-order nonlinear diffusion 
equations to linear canonical boundary value problems. 

In a recent paper (Kingston and Rogers 1982) reciprocal Backlund transformations 
were established for a broad class of conservation laws. The result was used to generate 
auto-Backlund transformations for reciprocally associated nonlinear evolution 
equations and to construct permutability diagrams for the generation of solutions. 
Here, it is shown that the reciprocal Backlund transformations may also be used to 
reduce an important class of nonlinear boundary value problems to linear canonical 
forms. The latter may be solved by standard integral transform methods. 

In what follows, we shall make use of the following consequence of a more general 
reciprocal property established by Kingston and Rogers (1982). 

Theorem. The conservation law 

au/at + (a/ax)GS(u, au/ax, . . . , a"u/ax") = 0 

is transformed under the Backlund transformation 

dx' = udx -%(U, au/ax, . . . , a"u/ax")dt, t ' =  t ,  U' = l /u ,  (R) 

to the reciprocally associated conservation law 

and D'=(l/u')a/ax'. 

The intrinsic reciprocity of the above result derives from the fact R 2  =I. Extensions 
may be made to systems of conservation laws (Kingston and Rogers 1983). Such 
results extend well known reciprocal invariance properties in gas dynamics (Rogers 
1968,1969, Rogers and Shadwick 1982). 
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It is shown here that the above reciprocal property may be used to reduce to linear 
canonical form the following class of nonlinear boundary value problems 

au a 
- at - -[u ax $ a i D i ( 3 ] = = 0 ,  OCXCL, t > 0 ,  

i = l  a t x = L ,  t > O ,  (3) 

U = l i  at t = 0, OSXSL,  (4 ) 

where D = (l/u)a/ax. The nonlinear boundary conditions (2), (3) correspond to 
prescribed flux at the boundaries x = 0 and x = L respectively and a > 0 is a constant. 

Application of the reciprocal Backlund transformation 

d x ' = u d x + u  i aiDi( ; )  dt, t' = t ,  
i = l  

U' = l / u ,  (6) 

to the nonlinear evolution equation (1) produces the linear equation 

In particular, if n = 2 we obtain the classical 1 + 1 heat equation while if n = 3 the 
linearised Korteweg-deVries equation is retrieved. 

Now, ( 5 )  shows that 

ax'/ax = U, 

- = U  ax 2 a@(:)= ['"(U i a i D i ( t ) ) d x + @ ( t ) =  Jo au g d x + @ ( t )  
at i = l  ax i = l  

whence 
r x  

xf=x ' (x , t )=  J U d x + 9 ( t ) + K ,  
0 

where dO/dt =9 and K is a constant. If we take x'(0,O) = 0 then K = - 9 ( O )  and 
we obtain 

x f  = lo' udx +Y(t)-Y(O). (9) 

Thus, the nonlinear boundary condition (2) reduces to the linear boundary con- 
dition 

a'u 2 a i , i  =uI@(tl)  at X I  = 9( f )  - 9 ( O ) ,  t' > 0, (10) 
i = l  ax 

under the Backlund transformation (5146). Further, the flux conditions (2) and (3) 
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at x = 0 and x = L respectively show that 
L L  L 

[ U $ ~ ~ ~ D ~ ( : ) ] ~ =  lo $&=$lo u d x = - 2 @ . ( t )  

whence 

where the initial condition (4) shows that 

M = ISL + 29(0 ) .  (13) 

Accordingly, the nonlinear boundary condition (3) reduces under (5)-(6) to the 

a h  t ai- = -u ’@(t ’ )  at x ’ = 9 ( 0 ) - 9 ( t ’ ) + z i L ,  t’>0. (14) 
i = l  ax 

To summarise, it has been shown that under the reciprocal Backlund transformation 
(5)-(6) the nonlinear boundary value problem (1)-(4) reduces to the linear boundary 
value problem 

linear boundary condition 

ai+lu~ aut 
at’ i = l  ax”+’ 
-+ 2 ai-- - 0 ,  t ’  > 0 ,  

U ’  = l / u  at t’ = 0. 

Analogous results may be obtained for nonlinear boundary value problems with 
prescribed flux on the boundary of a half-space x > 0. Reciprocal Backlund transfor- 
mations have recently been employed by Rogers er a1 (1983) to reduce a nonlinear 
boundary value problem in two-phase flow in a reservoir to a linear canonical boundary 
value problem. The latter was then solved by standard integral transform techniques. 

The author wishes to acknowledge with gratitude his support under Natural Sciences 
and Engineering Research Council of Canada Grant No A0879. 
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